Abstract. We present a unified local and semilocal convergence analysis for secant-type methods in order to approximate a locally unique solution of a nonlinear equation in a Banach space setting. Our analysis includes the computation of the bounds on the limit points of the majorizing sequences involved. Under the same computational cost our semilocal convergence criteria can be weaker; the error bounds more precise and in the local case the convergence balls can be larger and the error bounds tighter than in earlier studies such as [1-3, 7-14, 16, 20, 21] at least for the cases of Newton's method and the secant method. Numerical examples are also presented to illustrate the theoretical results obtained in this study.
Introduction
In this study we are concerned with the problem of approximating a locally unique solution x ⋆ of the nonlinear equation
where F is a Fréchet-differentiable operator defined on a nonempty subset D of a Banach space X with values in a Banach space Y. A lot of problems from Applied Sciences can be expressed in a form like (1.1) using mathematical modelling [4] . The solutions of these equations can be found in closed form only in special cases. That is why the most solution methods for these equations are iterative. The convergence analysis of iterative methods is usually divided into two categories: semilocal and local convergence analysis. In the semilocal convergence analysis one derives convergence criteria from the information around an initial point whereas in the local analysis one finds estimates of the radii of convergence balls from the information around a solution. If X = Y and Q(x) = F (x) + x, then the solution x * of equation (1.1) is very important in fixed point theory.
We study the convergence of the secant-type method (1.2) x n+1 = x n − A −1 n F (x n ), A n = δF (x n , y n ) for each n = 1, 2, . . . , where x −1 , x 0 are initial points, y n = θ n x n + (1 − θ n )x n−1 , θ n ∈ R. Here A n ∈ L(X , Y), x, y ∈ D is a consistent approximation of the Fréchet-derivative of F . (See page 182 of [14] or the second estimate in condition (D 4 ) of Definition 3.1.) L(X , Y) stands for the space of bounded linear operators from X to Y. Many iterative methods are special cases of (1.2). Indeed, if θ n = 1, then we obtain Newton's method (1.3) x n+1 = x n − F ′ (x n ) −1 F (x n ) for each n = 0, 1, 2, . . . ; if θ n = 0, we obtain the secant method (1.4) x n+1 = x n − δF (x n , x n−1 ) −1 F (x n ) for each n = 0, 1, 2, . . . ; if θ n = 2, we obtain the Kurchatov method (1.5) x n+1 = x n − δF (x n , 2x n − x n−1 ) −1 F (x n ) for each n = 0, 1, 2, . . . .
Other choices of θ n are also possible [1, 2, 5, 7, 10, 11, 13, 14, 20, 21] . There is a plethora of sufficient convergence criteria for special cases of secant-type methods (1.3)-(1.5) under Lipschitz-type conditions (1.2) (see [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [13] [14] [15] [16] [17] [18] [19] [20] [21] and the references there in). Therefore, it is important to study the convergence of the secant-type method in a unified way. It is interesting to notice that although we use very general majorizing sequences for {x n } our technique leads in the semilocal case to: weaker sufficient convergence criteria; more precise estimates on the distances x n − x n−1 , x n − x * and an at least as precise information on the location of the solution x * in many interesting special cases such as Newton's method or the secant method (see Remark 3.3 and the Examples). Moreover, in the local case: a larger radius of convergence and more precise error estimates than in earlier studies such as [7-9, 11, 13-21] are obtained in this study (see Remark 4.2 and the Examples).
The paper is organized as follows. In Section 2 we study the convergence of the majorizing sequences for {x n }. Section 3 contains the semilocal and Section 4 the local convergence analysis for {x n }. The numerical examples are given in the concluding Section 5. In particular, in the local case we present an example where the radius of convergence is larger than the one given by Rheinboldt [17] and Traub [19] for Newton's method. Moreover, in the semilocal case we provide an example involving a nonlinear integral equation of Chandrasekhar type [6] appearing in radiative transfer as well as an example involving a two point boundary value problem.
Majorizing sequences for the secant-type method
In this section, we shall first study some scalar sequences which are related to the secant-type method.
Let there be parameters c ≥ 0, ν ≥ 0, λ ≥ 0, µ ≥ 1, l 0 > 0 and l > 0 with l 0 ≤ l. Define the scalar sequence {α n } by (2.1)
Special cases of the sequence {α n } have been used as majorizing sequences for secant-type method by several authors. For example: Case 1 (secant method) l 0 = l, λ = 1 and µ = 1 has been studied in [5, 7, 10, 11, 13, 14, 18, 20] and for l 0 ≤ l in [2, 3] . Case 2 (Newton's method) l 0 = l, λ = 0, c = 0 and µ = 2 has been studied in [1, 7-9, 11, 13, 14, 16, 17, 19-21] and for l 0 ≤ l in [2] [3] [4] . In the present paper we shall study the convergence of sequence {α n } by first simplifying it. Indeed, the purpose of the following transformations is to study the sequence (2.1) after using easier to study sequences defined by (2.3), (2.6) and (2.8) 
Using (2.1) and (2.2), sequence {α n } can be written as
Then, we can define sequence {β n } by (2.6)
Then, sequence {γ n } is defined by (2.8)
Then, we define the sequence {δ n } by (2.10)
It is convenient for the study of the convergence of the sequence {α n } to define polynomial p by
We have that p(0) = −(µ + λ) < 0 and p(1) = bλ > 0 for λ > 0. It follows from the intermediate value theorem that p has roots in (0, 1). Denote the smallest root by δ.
we can choose the smallest root of p given by
∈ (0, 1) to be δ in this case. Note that in particular for Newton's method and secant method, respectively, we have that
and p(t) = (t − 2)(t 2 − (b + 2)t + 1).
Hence, we obtain, respectively that (2.12)
Notice also that (2.14)
Next, we study the convergence of these sequences starting from {δ n }.
Lemma 2.1. Let δ 1 > 0, δ 2 > 0 and b ≥ 1 be given parameters. Suppose that
where δ was defined in (2.11). Let {δ n } be the scalar sequence defined by (2.10). Then, the following assertions hold:
then sequence {δ n } is decreasing and converges to 0.
Proof. It follows from (2.10) and δ 2 ≤ δ 1 that δ 3 > 0. We shall show that
In view of (2.10) for n = 1, it suffices to show that
Hence, p 1 has two distinct roots δ s and δ l with δ s < δ l . Polynomial p 1 is quadratic with respect to δ 2 and the leading coefficient (µ(1 − δ 1 )) is positive. Therefore, we have that
and
By hypothesis (2.15) we have δ 1 ≤ δ 0 . Then by (2.14) we get that p(
It follow from (2.10), δ k < 1 and δ k+1 < 1 that δ k+2 > 0. Then, in view of (2.10) the right hand side of (2.24) is true, if
which is true by (2.14) since δ k ≤ δ 1 ≤ δ. The induction for (2.23) is complete. If δ 1 = δ 2 = δ, then it follows from (2.10) for n = 1 that δ 3 = δ and δ n = δ for n = 4, 5, . . ., which shows (2.17). If δ 2 < δ 1 , the sequence {δ n } is decreasing, bounded below by 0 and as such it converges to its unique largest lower bound denoted by γ. We then have from (2.10) that
Hence, we conclude that γ = 0.
Next, we present three results for the convergence of sequences {α n }, {β n } and {γ n } under conditions that are not all the same with the ones in Lemma 2.1 (see e.g. (2.28)).
Lemma 2.2. Suppose that the hypothesis (2.18) is satisfied. Then the sequence {γ n } is decreasingly convergent and sequences {α n } and {β n } are increasingly convergent. Moreover, the following estimate holds:
Proof. Using (2.2) and (2.9) we get that
In view of (2.18) we have in turn that
and by the preceding equation we deduce that γ n > 0 for each n = 1, 2, . . . and γ n < γ n−1 for each n = 1, 2, . . . , since δ n < 1. Hence, sequence {γ n } converges to its unique largest lower bound denoted by γ * . We also have that
µ+λ . Thus, the sequence {β n } is increasing, bounded from above by 1 µ+λ and as such it converges to its unique least upper bound denoted by β * . Then, in view of (2.5) sequence {α n } is also increasing, bounded from above by
µ+λ and such it also converges to its unique least upper bound denoted by α * .
Lemma 2.3. Suppose that (2.15) and (2.16) are satisfied. Then the following assertions hold for each n = 1, 2, . . .
Corollary 2.4. Suppose that the hypotheses of Lemma 2.1 and Lemma 2.2 hold. Then the sequence {α n } defined in (2.1) is nondecreasing and converges to
Next, we present lower and upper bounds on the limit point α * .
Lemma 2.5. Suppose that the condition (2.18) is satisfied. Then the following assertion holds
, where
Proof. Using (2.18) and (2.28) we have that 0 < δ 3 < δ 2 < δ 1 . Let us assume that 0 < δ k+1 < δ k < · · · < δ 1 . Then, it follows from the induction hypotheses and (2.30) that
We have that
This is equivalent to
We shall use the following bounds for ln t, t > 1:
First, we shall find an upper bound for ln(1/γ * ). We have that
0 β * , we obtain the upper bound in (2.29). Moreover, in order to obtain the lower bound for ln(1/γ * ), we have that
which implies the lower bound in (2.29).
From now on we shall denote by (C 1 ) the hypothesis of Lemma 2.1 and Lemma 2.2. 
Then, the preceding results hold with c, ν, δ 1 , δ 2 , b ) and as such it converges to its unique least upper bound α * . Criterion (2.31) is the weakest of all the preceding convergence criteria for sequence {α n }. Clearly all the preceding criteria imply (2.31). Finally, define the criteria for N ≥ 1
.
Proof. Using (2.18) and (2.28) we have that 0 < δ 3 < δ 2 < δ 1 . Let us assume that 0 < δ k+1 < δ k < · · · < δ 1 . Then, it follows from the induction hypotheses and (2.34) that
0 β * , we obtain the upper bound in (2.34). Moreover, in order to obtain the lower bound for ln(1/γ * ), we have that
which implies the lower bound in (2.34).
Semilocal convergence of the secant-type method
In this section, we first present the semilocal convergence of the secant-type method using {α n } (defined in (2.1)) as a majorizing sequence. Let U (x, R) stand for an open ball centered at x ∈ X with radius R > 0. Let U (x, R) denote its closure. We shall study the secant method for triplets (F , x −1 , x 0 ) belonging to the class K = K(l 0 , l, ν, c, λ, µ) defined as follows. 
for all x, y, z ∈ D then, the following hold
F is continuous at x} ⊆ D, where α * 0 = (µ + λ − 1)(α * − c) and α * is given in Lemma 2.3.
Next, we present the semilocal convergence result for the secant method.
, then the sequence {x n } (n ≥ −1) generated by the secant-type method is well defined, remains in U (x 0 , α * 0 ) for each n = 0, 1, 2, . . . and converges to a unique solution x * ∈ U (x 0 , α * − c) of (1.1). Moreover, the following assertions hold for each n = 0, 1, 2, . . .
where sequence {α n } (n ≥ 0) is given in (2.1). Furthermore, if there exists R such that
Proof. First, we show that M = δF (x k+1 , y k+1 ) is invertible for x k+1 , y k+1 ∈ U (x 0 , α * 0 ). By (D 2 ), (D 3 ) and (D 4 ), we have that
Using the Banach lemma on invertible operators [8] , [10] , [14] , [17] , [18] and (3.4), we deduce that M is invertible and
By (D 4 ), we have
We can write the identity
Then, for all x, y, u, v ∈ D 0 , we obtain
By a continuity argument (3.6)-(3.9) remain valid if x and/or y belong to D c . Next, we show (3.1). If (3.1) holds for all n ≤ k and if {x n } (n ≥ 0) is well defined for n = 0, 1, 2, . . . , k, then
That is (1.2) is well defined for n = k + 1. For n = −1 and n = 0, (3.1) reduces to x −1 −x 0 ≤ c and x 0 −x 1 ≤ ν. Suppose (3.1) holds for n = −1, 0, 1, . . . , k (k ≥ 0). By (3.5), (3.9), and
we obtain in turn the following estimates
The induction for (3.1) is complete. It follows from (3.1) and Lemma 2.1 that {x n } (n ≥ −1) is a complete sequence in a Banach space X and as such it converges to some x * ∈ U (x 0 , α * − c) (since U (x 0 , α * − c) is a closed set). By letting k → ∞ in (3.12), we obtain F (x * ) = 0. Moreover, estimate (3.2) follows from (3.1) by using standard majoration techniques [7, 11, 13] . Finally, to show the uniqueness in U (x 0 , R), let y * ∈ U (x 0 , R) be a solution (1.1). Set
Using (D 4 ) and (3.3) we get in turn that
If follows from (3.13) and the Banach lemma on invertible operators that T
−1
exists. Using the identity:
we deduce that x * = y * . 
respectively are more precise majorizing sequences for {x n }. Clearly, these sequences also converge under the (I N ) hypotheses.
A simple inductive argument shows that if l 0 < l for each n = 2, 3, . . .
In practice, one must choose {θ n } so that the best error bounds are obtained (see also Section 4). Note also that sequences {r n } or {s n } may converge under even weaker hypotheses. The sufficient convergence criterion (2.15) determines the smallness of c and r. This criterion can be solved for c and r (see for example the h criteria or (3.29) that follow). Indeed, let us demonstrate the advantages in two popular cases:
Case 1: Newton's method (i.e., if c = 0, λ = 0, µ = 1). Then it can easily be seen that {s n } (and consequently {r n }) converges provided that (see also [4] )
whereas sequence {x n } converges, if
In the case κ 0 = κ (i.e., b = 1), we obtain the famous for its simplicity and clarity Kantorovich sufficient convergent criteria [2] given by
Notice however that
but not necessarily vice versa unless if κ 0 = κ. Moreover, we have that
Case 2: Secant method (i.e., for θ n = 0). Schmidt [18] , Potra-Ptáck [14] , Dennis [7] , Ezquerro el at. [10] , used the majorizing sequence {α n } for θ n ∈ [0, 1] and l 0 = l. That is, they used the sequence {t n } given by (3.27) t −1 = 0, t 0 = c, t 1 = c + ν
whereas our sequence {α n } reduces to
Then, in case l 0 < l our sequence is more precise (see also (3.17)- (3.19) ). Notice also that in the preceding references the sufficient convergence criterion associated to {t n } is given by
Our sufficient convergence criteria can be also weaker in this case (see also the numerical examples). It is worth nothing that if c = 0 (3.29) reduces to (3.24) (since κ = 2l). Similar observations can be made for other choices of parameters.
Local convergence of the secant-type method
In this section, we present the local convergence analysis of the secant-type method. Let x * ∈ X be such that F (x * ) = 0 and
. Using the identities
we easily arrive at:
Then the sequence {x n } generated by the secant-type method is well defined, remains in U (x * , R * ) for each n = −1, 0, 1, 2, . . . and converges to x * provided that x −1 , x 0 ∈ U (x * , R * ). Moreover, the following estimates hold
Remark 4.2. Comments similar to the one given in Remark 3.3 can also follow for this case. For example, notice again that in the case of Newton's method
whereas the convergence ball given independently by Rheinboldt [17] and Traub [19] is given by
Note that R 1 * ≤ R * . Strict inequality holds in the preceding inequality if κ 0 < κ. Moreover, the error bounds are tighter, if κ 0 < κ. Finally, note that κ0 κ can be arbitrarily small and R * R 1 * → 3 as κ 0 κ → 0.
Numerical examples
Related to the semilocal case we present the following examples. and we are going to apply the secant method (λ = 1, µ = 1, θ n = 0) to find the solution of (5.1). We take the starting points x −1 = 1.14216 · · · , x 0 = 1 and we consider the domain Ω = B(x 0 , 2). In this case, we obtain
Notice that hypothesis lc + 2 √ lν ≤ 1 is not satisfied, but hypotheses of Theorem 3.2 are satisfied, so the convergence of secant method starting form x 0 ∈ B(x 0 , 2) converges to the solution of (5.1).
, equipped with the max-norm. Consider the following nonlinear boundary value problem
It is well known that this problem can be formulated as the integral equation
where Q is the Green's function:
We observe that
Then the problem (5.6) is in the form (1.1), where
We define the divided difference by δF (x, y) = .
Note that l 0 < l. Therefore, the hypothesis of Kantorovich may not be satisfied, but conditions of Theorem 3.2 may be satisfied.
Finally, for the local case we study the following one. F (x, y, z) = (e x − 1, y 2 + y, z).
We have that for u = (x, y, z) It was developed by Chandraseckhar [6] to solve the problem of determination of the angular distribution of the radiant flux emerging from a plane radiation field. This radiation field must be isotropic at a point, that is the distribution in independent of direction at that point. Explicit definitions of these terms may be found in the literature [6] . It is considered to be the prototype of the equation, Integral equations of the above form also arise in the other studies [6] . We determine where a solution is located, along with its region of uniqueness. Note that solving (3. To obtain a numerical solution of (3.7), we first discretize the problem and approach the integral by a Gauss-Legendre numerical quadrature with eight nodes,
